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Abstract. In a neighborhood of a hyperbolic periodic orbit of a volume-preserving flow
on a manifold of dimension 3, we define and show the existence of a normal form for the
generator of the flow that encodes the dynamics. If the flow is a contact flow, we show the
existence of a normal form for the contact form what results in an improved normal form for
its Reeb vector field. Additionally, we present a few rigidity results associated to periodic
data for Anosov contact flows derived from the underlying normal form theory. Finally,
we establish a new local rigidity result for contact flows on manifolds of dimension 3 in a
neighborhood of a hyperbolic periodic point by finding a new link between the roof function
and the return map to a section.

1. Introduction

In the study of smooth dynamical systems, the dynamics of periodic orbits has played
an important role in the rigidity of a dynamical system associated to invariants of smooth
data associated with periodic orbits (for example, [DlLMM86, HK90, dlL92, FH03, Kal11,
GL19, DSLVY20, GLP25, BEH+25], and references therein) and in the existence of smooth
coordinates in a neighborhood of the fixed point in which the dynamics is represented by
a well-understood class of normal or resonance forms [Ste59]. In this paper, we blend to-
gether both of those features. First, we establish the existence of smooth coordinates in a
neighborhood of a hyperbolic periodic orbit of a smooth flow where the vector field of the
flow is in a normal form that encode information about the hyperbolicity of the orbit. Then,
using those normal forms, we establish several rigidity results associated to the smooth data
associated with the periodic orbits. More precisely, we show the following. (See Section 2
for relevant definitions.)

Theorem A. Let O be a hyperbolic periodic orbit of a C∞-flow Φ = (φt)t∈R with generating
vector field X on a closed 3-manifold M with period T . If det(dφT (p)) = 1 for some p ∈ O,
then there exist a solid torus C and a C∞ embedding h : C →M such that h(R/Z×{0}) = O
and (h−1)∗X is a hyperbolic conservative resonance field. If Φ preserves a volume µ, h can
be chosen such that h∗µ is the standard Lebesgue measure on C.

Moreover, if the flow is the Reeb flow associated to a contact form, then we obtain a
natural normal form of the contact form itself.

Theorem B. Let α be a contact form on a closed 3-manifold M , and assume that O is a
hyperbolic periodic orbit for the Reeb flow induced by α. Then there exists a solid torus C
and a smooth embedding h : C →M such that h(R/Z×{0}) = O and h∗α is in a hyperbolic
resonance form on C.

We note that in the topological category, the Hartman-Grobman theorem gives a com-
plete answer for periodic points both diffeomorphisms and flows: one may always find Hölder
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continuous coordinates in a neighborhood of the fixed point which linearizes the dynamics
([Har60, Dav]). However, the topological solution has its limitations: several global dynam-
ical features can be surprisingly linked to invariants of smooth data associated with periodic
orbits, which are not detected by Hölder coordinates.

Also, traditionally, the Birkhoff normal form has been formulated for the Poincaré return
map associated with a periodic orbit, providing a simplified model of the local discrete-time
dynamics. However, the return map captures only a lower-dimensional view of the flow and
does not fully encode the continuous-time dynamics in a tubular neighborhood of a periodic
orbit. In this paper, we study the normal form of the vector field itself around the periodic
orbits. This normal form involves the whole neighborhood of the periodic orbit, not only
the Poincaré return map on the section, which provides a more complete understanding of
the local geometry and dynamics near periodic orbits.

Moreover, as it will be seen from the applications, the normal forms proposed in this paper
indeed carry the information about the hyperbolicity in comparison to the normal forms in
[HWZ96, HWZ98, Lemma 2.3].

Corollary C. Let Φ be a smooth Anosov contact flow on a 3-manifold. Assume that for
every periodic orbit γ, there exists a section Σγ such that the local return time to Σγ is tangent
to a constant up to the fourth order at γ, then Φ is smoothly conjugated to the geodesic flow
of a constant curvature surface, or one of its canonical time changes.

Corollary D. Let (S, g) be a closed smooth Riemannian surface with negative Gaussian
curvature, and let Φ = (φt)t∈R be its geodesic flow on the unit tangent bundle T 1S. Then
the metric g has constant curvature if and only if for every closed geodesic γ, there exists a
section Σγ ⊂ T 1S such that φTΣγ is tangent to Σγ up to the fourth order at γ, where T is
the period of γ.

Finally, a new rigidity feature of contact flows is revealed through making the local form
analysis on tubular neighborhoods, rather than the study of the Poincaré map. Imprecisely,
we conclude that the roof function and the return maps each determine the contact form
(and hence each other). More precisely, we obtain the following result (see Section 2.1.2 and
Definition 3.1 for relevant definitions).

Theorem E. Let O be a hyperbolic periodic orbit of the smooth Reeb flow Φ of a contact
form α on a 3-manifold. Then the following are equivalent:

(a) α is a linearizable contact form.
(b) The local first return map for Φ is linearizable.
(c) The local first return map for Φ is C∞ tangent to a linear map in some coordinates.
(d) The local return time of Φ is locally cohomologous to a constant.
(e) The local return time of Φ is locally cohomologous to a function which is C∞ tangent

to a constant.

Organization of the paper and outline of proofs. In Section 2, we recall the theory of
resonances for linear maps and give our definition of normal forms for a conservative vector
field and a contact form in a neighborhood of a hyperbolic periodic point. In Section 2.2, we
express dynamical data (e.g., the Lyapunov exponents, the Anosov and Foulon-Hasselblatt
classes, and the return time and the return map to a section) associated to the periodic
point in terms of functions appearing in the normal form. In Section 2.1, we recall defini-
tions associated to Poincaré maps of a flow and prove the criterion of two codimension one
embedded submanifolds being tangent up to some order (Lemma 2.6).
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In Section 3, we prove Theorem A. Our approach is the following. First, we use the
Birkhoff normal form for the Poincaré map on a section to find the normal form for the
return time (Section 3.1) by solving a cohomological equation similar to methods in [KH95].
In particular, we start with showing existence of a formal power series solution, then, using
it, we construct a smooth solution. Afterwards, in Section 3.2, we modify our initially
chosen section so that the return time of the new section is in the resonance form. Then,
we construct a coordinate system in a neighborhood of a hyperbolic periodic orbit using the
coordinates on the new section. The key feature of the coordinate system on a neighborhood
of a hyperbolic periodic orbit is that changing the time parameter corresponds to moving
along the flow.

In Section 4, we prove Theorem B by working directly with the contact form instead of its
Reeb vector field. In particular, we modify the initial choice of a section so that the contact
form induces the standard area form on the new section (Lemma 4.1). As a result, we find
a new connection between the return time and the Poincaré map (Lemma 4.3). Finally,
we again construct a coordinate system so that changing the time parameter corresponds to
moving along the flow (Section 4.3). In Section 4.4, we prove some rigidity results (Corollaries
C and D) combining the features of the normal forms and the known rigidity results recalled
in Section 2.1.4.

In Section 5, we establish the following general version of a local rigidity phenomenon
for contact flows on manifolds of dimension 3 by exploring the consequences of the relation
between the return time and the Poincaré map established in Lemma 4.3.

Theorem F. Let Φ and Ψ be two C∞ Reeb flows determined by contact forms α1 and α2,
respectively. Consider hyperbolic periodic orbits O1 of Φ and O2 of Ψ.
The following are equivalent:

(1) There exist tubular neighborhoods C1 and C2 of O1 and O2, respectively, and a C∞

diffeomorphism H : C1 → C2 such that H∗α2 = α1.
(2) O1 and O2 have the same prime period, and there exist two sections Σi, i = 1, 2, which

pass through some pi ∈ Oi, respectively, with the following property. For i = 1, 2, the
Poincaré maps Fi : Σi → Σi associated to the Reeb flows of αi are conjugated by a
C∞-diffeomorphism HΣ : Σ1 → Σ2 such that H∗

Σdα2|Σ2 = dα1|Σ1.
(3) O1 and O2 have the same Lyapunov exponents, and there exist two sections Σi,

i = 1, 2, of Oi with parametrization hi : D
2
ε → Σi such that

• h∗iαi|Σi
= 1

2
(x dy − y dx),

• the local return maps induced by hi are in Birkhoff-Sternberg normal form (but
not necessarily the same), and

• if r̂i : Σi → R+ is the return time function associated to the Reeb flow of αi, then
r̂1 ◦ h1 = r̂2 ◦ h2.

We improve the above theorem for a linearizable contact form (Theorem E) by showing
that extra conditions in Theorem F will be satisfied if the Poincaré map is locally linear or
the return time is locally cohomologous to a constant. The distinguishable feature of linear
maps is that a priori their centralizer is larger than the centralizers of nonlinear maps (see
Lemma 5.8, Remark 5.9, and Example 5.10). In fact, we do not expect to be able to remove
the extra conditions in Theorem F.
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2. Resonance forms and their applications

We aim to provide an analogy of Birkhoff normal form for periodic points of diffeomor-
phisms to periodic orbits of flows. Before doing so, we briefly recall the theory of resonances
for linear maps. Throughout, we let k̄ denote a multindex k̄ = (k1, . . . , kn)

Definition 2.1. Let A ∈ GL(n,R) be a matrix with eigenvalues λ1, . . . , λn (listed with
multiplicity if A does not have simple spectrum). A resonance for A is any equality of the
form

λi = λk̄ := λk11 . . . λknn with i ∈ {1, 2, . . . , n} and k̄ = (k1, . . . , kn) ∈ Nn
0 ,

which we call a resonance of the form (i; k1, . . . , kn). A formal power series F = (F1, . . . , Fn)

with Fi =
∑

k̄∈Nn
0

c
(i)

k̄
xk11 . . . xknn is said to be in resonance form if for all i we have c

(i)

k̄
= 0

whenever (i; k1, . . . , kn) is not a resonance. That is, the power series for each Fi consists only
of resonance terms.

Notice that when n = 2 and A ∈ SL(2,R), the resonances are all of the form (1; k + 1, k)
and (2; k, k + 1). In particular, the only resonance terms for the ith coordinate are of the
form xi(x1x2)

k. Thus, if in resonance form, a formal power series in the variables x and y is
of the form

F (x, y) = (xf1(xy), yf2(xy)), (2.1)

where f1(z) and f2(z) are formal power series.
The moral of the story of normal forms is that dynamical objects can always be put in

resonance form. The resonance form can be often improved to reflect additional structures

of the setting (e.g., in the volume-preserving setting, we can always have f1(z) =
∞∑
k=0

ωkz
k

with ω0 ̸= 0 and f2(z) being the formal inverse of f1(z) in (2.1)). We make the following
definitions which will be the targets for our normal forms in a neighborhood of a hyperbolic
periodic point of a volume-preserving flow on manifold of dimension 3 (see Section 2.1.3 for
relevant definitions).

Definition 2.2. Let D2
ε be an open disc of radius ε in R2 centered at 0 ∈ R2 and C =

R/Z×D2
ε . We say that

(1) a local area-preserving C∞ diffeomorphism F : D2
ε → R2 is in resonance form if there

exist λ > 1 and a non-zero ω ∈ C∞(−ε, ε) such that ω(0) = 1 and F (x, y) =
(λxω(xy), λ−1yω(xy)−1),

(2) a C∞ function r : D2
ε → R is in resonance form if there exists r̄ : (−ε, ε) → R such

that r(x, y) = r̄(xy),
(3) a conservative vector field X on C is in resonance form if there exist f, g ∈ C∞(−ε, ε)

such that f(0), g(0) > 0 and X = f(xy)
(

∂
∂t
+ xg(xy) ∂

∂x
− yg(xy) ∂

∂y

)
,

(4) a contact form α on C is in resonance form if there exists θ ∈ C∞(−ε, ε) such that
θ(0) > 0, θ′(0) > 0 and α = θ(xy) dt+ 1

2
(x dy − y dx).
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Note that each of these resonance form definitions is consistent with, and a strengthening
of, Definition 2.1. Indeed, in (1) and (3), the x and y coefficients must match the correspond-
ing prescribed resonance terms, but have the added restriction of being inversely proportional
or opposites, respectively. In (2), this makes sense since if we think of the function as taking
values in a new eigenspace of eigenvalue 1, it produces resonances of the form λk(λ−1)k = 1.
Finally, in the case of (4), the contact form’s dt term can be thought of as an eigendirection
of eigenvalue 1, leading to the xy term.

2.1. Preliminaries. In this section we recall definitions and results related to our construc-
tion of normal forms and their applications.

2.1.1. Flows, sections and Poincaré maps. Historically, normal form analysis for flows has
been carried out by considering sections. Since it will be also our starting point, we recall
the definitions.

Consider a smooth closed 3-manifold M . Fix a C∞-flow Φ = (φt)t∈R : M → M with
generating vector field X. A local Poincaré section of a flow is an embedded closed disk Σ
of codimension one such that X(x) ̸∈ TxΣ for all x ∈ Σ. Assume further that Σ contains
a periodic point p such that if O(p) is the orbit of p, O(p) ∩ Σ = {p}. Then on a small
neighborhood U ⊂ Σ that contains p, one obtains two smooth pieces of data: a return time
r : U → R+ defined so that r(x) is the smallest value of t > 0 such that φt(x) ∈ Σ, and the
Poincaré map F : U → Σ is defined by F (x) = φr(x)(x).

After choosing a section, one usually applies the theory of normal forms for fixed points of
diffeomorphisms, and studies the system as a suspension of the local diffeomorphism F with
roof function r. We extend this approach, by building structures on tubular neighborhoods
of periodic orbits directly. In particular, we want to build coordinates on such tubular neigh-
borhoods which put the vector fields and other objects associated to local flows in the normal
forms described in Definition 2.2. We work in dimension 3, where tubular neighborhoods of
periodic orbits are all diffeomorphic to C = R/Z ×D2

ε , where D
2
ε is an open disc of radius

ε centered at 0 ∈ R2, and use the coordinate t for the R/Z component, and x and y for the
D2

ε components.

2.1.2. Tangency of embedded submanifolds. In this paper, we understand the order of tan-
gency in terms of Taylor polynomial (see [DMP17] for more details and other ways to define
a tangency).

Definition 2.3. Let Σ be a codimension one C∞ embedded submanifold of M and p ∈M .
Let U ⊂ Σ be a small neighborhood of p and f : U → R be a function. We say that f is
tangent to a constant up to the k-th order at p if there exists a neighborhood Ũ of 0 in R2

and a C∞ coordinate system h : (Ũ ,0) → (U, p) such that

f ◦ h(u)− f(p) = o(|u|k) as U ∋ u→ 0. (2.2)

We note that if a function f is tangent to a constant up to the k-th order at p, then for
any coordinate system h′ : (Ũ ′,0) → (U, p) we have expression similar to (2.2).

Definition 2.4. Let Σ1 and Σ2 be two codimension one embedded submanifolds of M and
p ∈ Σ1 ∩ Σ2 with smooth local charts hi : D

2
ε → Σi, i = 1, 2. We say, that Σ1 and Σ2 are

tangent up to the k-th order at p if there exists a smooth diffeomorphism ρ : D2
ε → D2

ε such
that

d(h1(u), h2 ◦ ρ(u)) = o(|u|k) as U ∋ u→ 0,
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where d is any metric on M induced by a Riemannian metric.

Remark 2.5. This definition is independent of the Riemannian metric as any two Rie-
mannian metrics on a compact manifold are Lipschitz equivalent. Moreover, the defi-
nition is independent of the choice of the local charts. It follows from the observation
that if h̃i : D

2
ε → Σi, i = 1, 2 are another local charts, then h̃1 = h1 ◦ (h−1

1 ◦ h̃1) and

h̃2 ◦ (h̃−1
2 ◦ h2 ◦ ρ ◦ h−1

1 ◦ h̃1) = h2 ◦ (ρ ◦ h−1
1 ◦ h̃1) = h2 ◦ ρ ◦ (h−1

1 ◦ h̃1) so the diffeomorphism

ρ̃ = h̃−1
2 ◦ h2 ◦ ρ ◦ h−1

1 ◦ h̃1 will work for h̃1 and h̃2.

Lemma 2.6. Let Σ1 and Σ2 be two codimension one embedded submanifolds of a 3−manifold
M and p ∈ Σ1 ∩Σ2 be such that TpΣ1 = TpΣ2. Fix a C∞ vector field Z in a neighborhood of
p such that Z(p) ̸∈ TqΣi(p), i = 1, 2, and let (φt) be a flow generated by Z. Let τ : Σ1 → R
be the function defined on a neighborhood of p ∈ Σ1 such that φτ(q)(q) ∈ Σ2. Then Σ1 is
tangent up to k-th order to Σ2 if and only if τ is tangent to a 0 up to the k-th order at p.

Remark 2.7. Since TpΣ1 = TpΣ2, there exists a C∞ vector field Z in a neighborhood of p
such that Z(q) ̸∈ TqΣi(q) for all q ∈ Σi, i = 1, 2.

The proof of Lemma 2.6. We first construct two local diffeomorphisms, Hi : (−ε, ε)× Σi →
M by Hi(t, q) = φt(q), i = 1, 2, for some ε > 0. Note that dHi(0, p) is invertible as
Z(p) ̸∈ TpΣi. Then −τ is exactly the t-coordinate of q 7→ H−1

2 ◦H1(0, q). Furthermore, if Ũ

is a neighborhood of 0 in R2 and h1 : Ũ → Σ1 is a coordinate chart, then the Σ2 coordinate
of H−1

2 ◦ H1(0, h1(x)) is a coordinate chart of Σ2. Denote this function by ĥ2. Note that

τ and ĥ2 satisfy φτ(h1(x))(h1(x)) = ĥ2(x) by definition. If τ(p) = 0 and all derivatives of τ

vanish up to k-th order, it is clear that all derivatives of h1 and ĥ2 agree up to k-th order.
Now, assume that there exist local charts h1 and h2 for Σ1 and Σ2 whose derivatives up

to order k agree. Then notice that H1 ◦ (id×h1) and H2 ◦ (id×h2) are C∞ tangent at 0 as
functions from R3. Thus, τ , the t-coordinate of H−1

2 ◦H1 must be C∞ tangent to 0. □

2.1.3. The Anosov property and dynamical invariants. Throughout this section, let Φ =
(φt)t∈R be a fixed-point free flow on a compact 3-manifold M . First, we recall that a hyper-
bolic Φ-invariant set Λ ⊂M is called hyperbolic if there exist λ > 0, C > 0 and a continuous
flow-invariant splitting TΛM = Euu ⊕ RX ⊕ Ess such that for all p ∈ Λ and all t > 0

∥dφt(p)w∥ ≤ Ce−λt∥w∥ for all w ∈ Ess(p)

∥dφ−t(p)w∥ ≤ Ce−λt∥w∥ for all w ∈ Euu(p),

where ∥ ·∥ is the norm on TpM induced by a Riemannian metric onM . Subbundles Euu and
Ess are called unstable and stable subbundles on Λ, respectively. Moreover, Ecs = R⊕ Ess

and Ecu = R⊕Euu are weak stable and unstable subbundles, respectively. We also say that
Φ is an Anosov flow if M itself is a hyperbolic set.

We say Φ is a Reeb flow if it is generated by the contact vector field Xα implicitly defined
by the two conditions

dα(Xα, ·) = 0, and α(Xα) = 1,

where α is a contact form, i.e., a one form on M with α∧dα ̸= 0. We recall that the volume
form α ∧ dα is invariant under the flow. Moreover, if the Reeb flow for α is Anosov, then
the kernel of α equals Euu ⊕ Ess and Φ is ergodic, i.e., any Φ-invariant set is of full or zero
measure. A classical example of an Anosov Reeb flow is the geodesic flow of manifolds with
negative sectional curvatures.
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If p is a hyperbolic periodic orbit, consider a local Poincaré section Σ endowed with local
coordinates (x, y), the hyperbolic periodic point p being identified with the origin 0, and the
corresponding Poincaré map F . Then F is a local diffeomorphism defined in a neighborhood
of 0, and is area-preserving. Moreover, it has a hyperbolic fixed point at 0.

For sufficiently small Σ, a classical result of Sternberg [Ste59] provides resonance coordi-
nates for area-preserving surface diffeormorphisms (recall Definition 2.2(1)):

Theorem 2.8 (Birkhoff-Sternberg Coordinates). There exists a C∞ area-preserving change
of coordinates hΣ : Σ → R2 for which hΣ ◦ F ◦ h−1

Σ : D2
ε → R2 is in resonance form.

If the resonance form of F is (x, y) 7→ (λxω(xy), λ−1yω(xy)−1), the function η(z) :=
logω(z) will often be more useful to work with. Consider the Taylor expansion of ω(z) at 0,

ω : z 7→ a0 + a1z + a2z
2 + . . . , with a0 = 1.

The numbers (ak)k≥0 = (ak(O(p)))k≥0 are called the Birkhoff invariants or coefficients of F
at p.

Definition 2.9 (Formula (16), [HK90]). The number −a1 is called the Anosov class of the
local diffeomorphism F at p.

Remark 2.10. If η(z) as above, the Anosov class around the periodic orbit is −η′(0).

An analogous cocycle can be constructed by considering the return time. This cocycle was
first studied in [FH03], where it was called the longitudinal KAM-cocycle. To avoid confusion
with KAM theory, we will refer to it as the Foulon-Hasselblatt cocycle.

Consider adapted coordinates (constructed by Hurder and Katok) around the hyperbolic
periodic point p of Φ with period T . Let B3

ε be a 3-dimensional open ball of radius ε in
R3. Crucially, these are collections of coordinate charts hx : B3

ε → M , where x ∈ M , with
specific dynamical properties, most importantly, that the axes correspond to the flow, the
unstable, and the stable directions (in that order). In such coordinates, one may show that
the differential of φT at the points of the stable leaf of a given point p takes the following
form:

DφT (0, 0, y) =

1 b1(y) 0
0 α−1(y) 0
0 b2(y) α(y)

 ,
where |α(y)| < 1 and bi(y) = O(y).

Definition 2.11. The longitudinal KAM obstruction or Foulon-Hasselblatt class at the pe-
riodic orbit p is b′1(0).

Remark 2.12. In fact, the Anosov class and Foulon-Hasselblatt class are values of cocycles at
the periodic point at time T , which are called the Anosov and Foulon-Hasselblatt cocycles,
respectively. The cocycles can be constructed at arbitrary points and times of the flow, and
coincide with the Anosov and Foulon-Hasselblatt classes at periodic orbits. The cocycles
are well-defined, since different families of adapted coordinates yield cohomologous cocycles.
See [HK90] and [FH03] for more details.

2.1.4. Rigidity from dynamical invariants. The following result of Hurder-Katok says that
the Anosov class corresponds to certain obstructions to the smoothness of the weak sta-
ble/weak unstable distributions. In view of Remark 2.10, the periodic obstructions are
−η′(0).



8 ALENA ERCHENKO, KURT VINHAGE, YUN YANG

Theorem 2.13 (Theorem 3.4, Corollary 3.5, Proposition 5.5 in [HK90]). Let Φ be a C∞

transitive Anosov flow on a 3-manifold. The following properties are equivalent:

• the Anosov cocycle is a coboundary;
• for any periodic orbit O, the Anosov class at O vanishes;
• the weak stable/weak unstable distributions Ecs

Φ /Ecu
Φ are C∞.

Theorem 2.14 ([FH03]). Let Φ be a C∞ transitive Anosov flow on a 3-manifold. The
following are equivalent:

• the Foulon-Hasselblatt cocycle is a coboundary;
• the Foulon-Hasselblatt class vanishes at every periodic orbit of Φ;
• the distribution Ess ⊕ Euu is C∞;
• Φ is either the constant-time suspension of an Anosov diffeomorphism or a contact
flow.

The smoothness obtained implies strong rigidity by the works of Ghys. In particular,
we know that high regularity of the dynamical distributions implies that the flow is orbit
equivalent to an algebraic model. Let Γ ⊂ SL(2,R) be a cocompact lattice, and τ : Γ → R
be a homomorphism close to 0 (i.e., a small element of H1(H2/Γ)). Define a new right action
of Γ on SL(2,R) by

g ∗τ γ =

(
eτ(γ)/2 0

0 e−τ(γ)/2

)
gγ

LetMτ denote the quotient of SL(2,R) by the action ∗τ and note that the left multiplication

action of gt =

(
et 0
0 e−t

)
commutes with the action of ∗τ . Hence, it descends to a flow on

Mτ which we call a canonical time change of the geodesic flow on SL(2,R)/Γ.

Theorem 2.15 ([Ghy87, Ghy93]). Let Φ be a C∞ volume preserving Anosov flow on a
3-manifold.

• If the foliations Wcu
Φ and Wcs

Φ are C∞, then Φ is C∞-conjugated to a C∞ time change
of a geodesic flow on a hyperbolic surface or the suspension of a linear Anosov dif-
feomorphism.

• If the foliations Wuu
Φ and Wss

Φ are C∞, then Φ is C∞-conjugated to a canonical time
change of a geodesic flow on a hyperbolic surface or a constant-time suspension of a
linear Anosov diffeomorphism.

• If Φ is contact and Wcu
Φ and Wcs

Φ are C∞, then Φ is C∞-conjugated to a canonical
time change of a geodesic flow on a hyperbolic surface.

• If Φ is the geodesic flow on a negatively curved surface and Wcu
Φ and Wcs

Φ are C∞,
then the surface is hyperbolic.

2.2. Dynamical invariants from normal forms. The normal forms of Definition 2.2
developed in this paper capture a significant amount of information. Before presenting the
proofs of their existence for vector fields, we first examine some of their key features. We
show that from normal forms, one can get the Lyapunov exponents, the return time of the
flow to the section, and the Anosov and Foulon-Hasselblatt classes around these periodic
orbits.
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Proposition 2.16. Consider the resonance field on the solid torus C = R/Z×D2
ε :

X = f(xy)

(
∂

∂t
+ xg(xy)

∂

∂x
− yg(xy)

∂

∂y

)
for some C∞ functions f, g : R → R such that f(0), g(0) > 0. Then if φt is the flow generated
by X,

(1) O := R/Z× {0} is a hyperbolic periodic orbit for the flow φt with period 1
f(0)

.

(2) The numbers ±g(0)f(0) are the non-zero Lyapunov exponent of the flow φt at the
periodic orbit O.

(3) The return time of the section {0} ×D2
ε is the function r(x, y) = 1

f(xy)
.

(4) The first return map of the section {0} ×D2
ε is the time-1 map of the vector field

Y = g(xy)

(
x
∂

∂x
− y

∂

∂y

)
.

(5) −g′(0) is the value of the Anosov class at the periodic orbit O.

(6) f ′(0)
f(0)

is the value of the Foulon-Hasselblatt class at the periodic orbit O.

Proof. Observe that 1/f ·X and X locally induce the same Poincaré map on D2
ε , since f is

positive in a neighborhood. Since 1/f ·X = ∂
∂t
+xg ∂

∂x
− yg ∂

∂y
, it follows that the first return

map must be the time-1 map of Y = g(xy)
(
x ∂
∂x

− y ∂
∂y

)
, which shows (4). If we denote by

ψt the flow generated by Y , ψt can be solved explicitly as

ψt(x, y) = (etg(xy)x, e−tg(xy)y). (2.3)

In fact, the flow for X can be solved explicitly as well. Indeed, since the hypersurfaces
xy = const are invariant under ψt, the ∂/∂t component does not change along an orbit, so

φt(s, x, y) =
(
s+ f(xy)t, etf(xy)g(xy)x, e−tf(xy)g(xy)y

)
. (2.4)

It follows that the roof function is exactly r = 1/f , and the period of R/Z×{0} is 1/f(0),
proving (1) and (3). (2) also follows by explicit calculation of the derivative of φ1/f(0).
Finally, (5) and (6) follows from (2.4) and the direct computation using Definitions 2.9 and
2.11, respectively. □

Remark 2.17. By Theorem A and Proposition 2.16, the conditions that the Anosov class of
any periodic orbit O in Theorem 2.13, the Foulon-Hasselblatt class in Theorem 2.14 vanish,
and the condition that the Lyapunov exponents for any periodic orbit coincide in [DSLVY20,
Proposition 3.1] can be replaced by the corresponding expressions of those invariants using
the normal forms.

Using the resonance form of a contact form, we can improve Proposition 2.16 to the
following in this setting.
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Proposition 2.18. Let θ ∈ C∞(−ε, ε) be a positive function, α = θ(xy) dt+ 1
2
(x dy − y dx)

be a contact form on R/Z×D2
ε , and Φ be the local contact flow determined by α. Then

(1) O := R/Z× {0} is a hyperbolic periodic orbit for the flow Φ with period θ(0).
(2) The numbers ±θ′(0)/θ(0) are the non-zero Lyapunov exponents of the flow Φ at the

periodic orbit O.
(3) The return time of the section {0}×D2

ε is the function r(x, y) = r̄(xy), where r̄(z) =
θ(z)− zθ′(z).

(4) The first return map of the section {0} × D2
ε is the time-1 map of the vector field

Vθ = θ′(xy)
(
x ∂
∂x

− y ∂
∂y

)
.

(5) The number −θ′′(0) is the Anosov class at the periodic orbit O.
(6) α ∧ dα = r̄ dt ∧ dx ∧ dy.

Proof. Let η(z) = θ′(z) and r(x, y) be defined as in (3) with corresponding function of one
variable r̄(z) = θ(z)− zθ′(z) = θ(z)− zη(z). We claim that the vector field

Xθ =
1

r̄(xy)

∂

∂t
+
η(xy)

r̄(xy)

(
x
∂

∂x
− y

∂

∂y

)
(2.5)

is the Reeb field of α. Indeed, observe that

α(Xθ) = θ(xy) · 1

r̄(xy)
− 1

2
· 2xyη(xy)

r̄(xy)
=
θ(xy)− xyη(xy)

r̄(xy)
=
r̄(xy)

r̄(xy)
≡ 1.

Furthermore, we compute dα explicitly as

dα = yθ′(xy) dx ∧ dt+ xθ′(xy) dy ∧ dt+ dx ∧ dy
= yη(xy) dx ∧ dt+ xη(xy) dy ∧ dt+ dx ∧ dy.

Thus,

ιXθ
dα =

1

r̄(xy)
ι∂/∂tα +

η(xy)

r̄(xy)
· xι∂/∂xα− η(xy)

r̄(xy)
· yι∂/∂yα

=

(
−yη(xy)
r̄(xy)

dx− xη(xy)

r̄(xy)
dy

)
+

(
xyη2(xy)

r
dt+

η(xy)

r̄(xy)
· x dy

)
−

(
xyη2(xy)

r̄(xy0
dt− η(xy)

r̄(xy)
· y dx

)
≡ 0.

From expression (2.5) of the vector field Xθ, we know that

f(z) =
1

θ(z)− zθ′(z)
and g(z) = θ′(z).

Applying Proposition 2.16 with the above expressions for f and g, the properties (1)-(5)
follow directly. □

Remark 2.19. Notice that the formula in (5) can be rewritten as r(x, y) = r̄(xy), with
r̄(z) = θ(z)− zθ′(z). Furthermore, r̄′(z) = −zθ′′(z), so the Foulon-Hasselblatt cocycle r̄′(0)
vanishes automatically. In fact this is the only derivative of r̄ to have automatic vanishing
at 0, r′′(0) = −θ′′(0) coincides with the Anosov class.
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3. Normal form for the generator of a volume-preserving flow
in a neighborhood of a hyperbolic periodic orbits

In this section, we prove Theorem A. A key idea is to establish a normal form for cocycles
at hyperbolic periodic orbits as well as the return dynamics (Section 3.1), which is then used
in Section 3.2 to produce the normal forms charts.

3.1. Normal forms for local cocycles around a hyperbolic fixed point. In this sec-
tion, we will obtain the normal forms of local cocycles around hyperbolic fixed points of
conservative local diffeomorphisms. We begin by defining the notion of a local cocycle.

Definition 3.1. Let f : D2
ε → R2 be a local diffeomorphism of R2 near 0 such that f(0) = 0,

and D ⊂ Z×D2
ε be the set D = {(n,x) : fn(x) ∈ D2

ε}, so that

Dn =
{
x ∈ D2

ε : (k,x) ∈ D for all k ∈ [−n, n]
}

is a shrinking neighborhood of 0. A local (R-valued) cocycle over f is a function A : D → R
such that A(m+ n,x) = A(m,x) +A(n, fm(x)) for all m,n ∈ Z and x ∈ D|m|+|n|.
A is said to be a local (R-valued) Cr-coboundary if there exists some u ∈ Cr(D2

ε) such that
A(n,x) = u(fn(x))− u(x) for all x ∈ Dn. Two cocycles are said to be cohomologous if they
differ by a coboundary.

As with the usual cocycle theory, each cocycle A has an associated generator ϕ = A(1,x),
and A will be a local Cr-coboundary if and only if there exists h ∈ Cr(D2

ε) such that
ϕ = h ◦ f − h on D1. We will use “cocycle terminology” when we also talk about the
associated generator.

Note that many of the usual methods in cohomology theory fail. For instance, one may
not use the usual relation h(y)− h(x) = lim

n→∞
A(n,x)−A(n,y) along stable manifolds since

A is not defined for all times.
Let F be a C∞ local area-preserving diffeomorphism of R2 with a hyperbolic fixed point

0. By Theorem 2.8, there exist a coordinate system for which

F (x, y) = (λxω(xy), λ−1y(ω(xy))−1)

around 0, where ω(z) is a smooth function such that ω(0) = 1 and λ > 1. If A is a local
cocycle over F , the following proposition tells us that up to a coboundary, ϕ can be regarded
as a function of xy (and that representative in local cohomology is unique).

We first make a terminological clarification. A multi-index k is a pair (i, j) ∈ N0, with
order |k| = i+ j. If ϕ ∈ C∞(D2

ε) and k = (i, j), ϕ(k)(x) is the partial derivative

ϕ(k)(x, y) = ∂ix∂
j
yϕ(x, y)

Proposition 3.2. Let F (x, y) = (λxω(xy), λ−1y(ω(xy))−1) on a neighborhood of 0 in R2

where λ > 1 and ω(z) is a smooth function such that ω(0) = 1. Denote by A a C∞ local
cocycle over F generated by a function ϕ. Then there exists ϕ̄ ∈ C∞(−ε, ε) for some ε such

that ϕ is cohomologous to ϕ̃(x, y) = ϕ̄(xy). Furthermore, if ϕ(k)(0) = 0 for all k ∈ N2
0 such

that |k| ≤ k0 for some k0 ∈ N0, then ϕ̄
(ℓ)(0) = 0 for all ℓ ≤ k0.

First, we prove Proposition 3.2 on the level of formal power series. For emphasis, when
working with formal power series, we write ≈ rather than equality to indicate that two formal
power series are the same (or that two functions have the same formal power series).
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Lemma 3.3. (cf. Proposition 6.6.1 in [KH95]) If ϕ ≈
∞∑

k,ℓ=0
k ̸=ℓ

ck,ℓx
kyℓ is a formal power series,

and F is as in Proposition 3.2 has formal power series approximation

F (x, y) ≈

(
λ

∞∑
i=0

aix
i+1yi, λ−1

∞∑
i=0

bix
iyi+1

)
, a0 = b0 = 1,

then there exists a formal power series w ≈
∞∑

i,j=0
i ̸=j

wi,jx
iyj such that w ◦ f − w ≈ ϕ.

Proof. Consider w ≈
∞∑

i,j=0

wi,jx
iyj. We directly compute

w ◦ F (x, y)− w(x, y) ≈
∞∑

i,j=0

wi,jλ
i−j

(
∞∑

m=0

amx
m+1ym

)i( ∞∑
n=0

bnx
nyn+1

)j

−
∞∑

i,j=0

wi,jx
iyj.

(3.1)
For any given (k, ℓ), the coefficient of xkyℓ in the expression above is computed directly
as a polynomial of the coefficients of each component whenever i(m + 1) + jn = k and
im+ j(n+1) = ℓ (as well as the −wk,ℓx

kyℓ term). It follows that the coefficients of xkyℓ only
depends on wk′,ℓ′ with k

′ ≤ k and ℓ′ ≤ ℓ, with the wk,ℓ appearing linearly as (λk−ℓ − 1)wk,ℓ.
It follows that if k ̸= ℓ we can solve

wk,ℓ =
vk,ℓ

(λk−ℓ − 1)
,

where vk,ℓ is a polynomial in the variables wk′,ℓ′ , ck,ℓ, am and bn. Hence, by induction, any
power series without resonance terms xkyk can be expressed as a coboundary. □

Lemma 3.4. (cf. Proposition 6.6.3 in [KH95]) For any sequence (ai,j)i,j∈N0 of numbers,
there exists a C∞ function ϕ : R2 → R such that ai,j are the Taylor coefficients of ϕ at 0.

Proof. Consider ϕ(x, y) =
∑∞

i=0,j=0 ai,jx
iyjb(|i + j|!Ci+j(x

2 + y2)), where b(t) : R → R is a

bump function with value 1 on [−1, 1] and CN =
∑N

l=0

∑
i+j=l |ai,j|. Notice that this series

converges since for each x ̸= 0 there are only finitely many non-zero terms and the sum
converges uniformly and very rapidly. Moreover, the derivatives of order N around 0 satisfy
what we want. □

Next lemma allows us to show that if we can solve a cocycle equation at the level of formal
power series, then we can find an actual solution.

Lemma 3.5. (cf. Proposition 6.6.5 in [KH95])Let F be as in Proposition 3.2, and ϕ be a
local C∞ function such that ϕ(k)(0) = 0 for all k ∈ N2

0. Then there is a C∞ function v
defined on a neighborhood of 0 such that v ◦ F − v = ϕ.

Proof. First, we take arbitrary extensions of ϕ to R2 and ω to R which extends F to R2.
Below, we work with the extensions that we still denote by ϕ, ω, and F .

Then, we decompose ϕ as ϕ = ϕ+ + ϕ− such that ϕ+ and all its jets vanish along the
x-axis and ϕ− and all its jets vanishes along y-axis. To construct this decomposition, we can
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take a smooth function ρ on the unit circle S1 such that ρ ≡ 0 on the intersection of S1 and
the horizontal cone CH := {(x, y) : |y| ≤ 1

2
|x|} and ρ ≡ 1 on the intersection of S1 and the

vertical cone CV := {(x, y) : |x| ≤ 1
2
|y|}. We set

ϕ+(x, y) = ϕ(x, y)ρ

(
x√

x2 + y2
,

y√
x2 + y2

)
, for x ̸= 0

and ϕ+(0) = 0. Moreover, we define ϕ− = ϕ − ϕ+. We note that the constructed functions
are C∞ at 0 and have the desired properties. Indeed, if (x, y) ̸= 0, then (ϕ+)(k)(x, y) for
k ∈ N2

0 is a polynomial in the derivatives of ϕ, ρ, and (x2 + y2)−1/2, and each monomial
contains ϕ or some of its derivative. Moreover, ∥ϕ(k)(x, y)∥ = o((x2 + y2)m/2) for all k ∈ N2

0

and m ∈ N as ϕ(k)(0) = 0 for all k ∈ N2
0, and the derivatives of ρ are bounded. As a result,

∥(ϕ+)(k)(x, y)∥ = o((x2 + y2)m/2) for all k ∈ N2
0 and m ∈ N and hence ϕ+ is a C∞ function

on a neighborhood of 0 and so is ϕ−.
We want to find two C∞ functions v+ and v− such that

v+ ◦ F − v+ = ϕ+ and v− ◦ F − v− = ϕ−. (3.2)

Then, v = v+ + v− is a solution of v ◦ F − c = ϕ.

We note that v+ = −
∞∑

m=0

ϕ+ ◦Fm and v− =
∞∑

m=0

ϕ− ◦F−m−1 are formal solutions of (3.2).

Moreover, if we show that the series converge in the C∞ topology then it would imply that
we constructed desired solutions.

We have Fm(x, y) = (λmx(ω(xy))m, λ−my(ω(xy))−m) for m ∈ Z. Also, (ϕ+ ◦ Fm)(k)(x, y)
is a polynomial in the derivatives of ϕ+ and Fm of order up to |k|, and each term contains
a derivative of ϕ+ or ϕ+ itself, evaluated at Fm(x, y) which exponentially converges to the
x-axis as m→ +∞. Thus, (ϕ+ ◦Fm)(k)(x, y) superexponentially converges to 0 as m→ +∞
by the construction of ϕ+. Similarly, since F−m−1(x, y) exponentially converges to the y-axis
as m → +∞, (ϕ− ◦ F−m−1)(k)(x, y) superexponentially converges to 0 as m → +∞ by the
construction of ϕ−. Thus, v+ and v− are C∞ functions, and we proved the lemma. □

Now we are ready to finish the proof of Proposition 3.2.

Proof of Proposition 3.2. Fix the local cocycle ϕ with Taylor expansion ϕ ≈
∑∞

k,ℓ=0 ϕk,ℓx
kyℓ,

and pick any C∞ function ϕ̄ such that the Taylor expansion of ϕ̄ is given by ϕ̄(z) ≈ ϕk,kz
k

(see Lemma 3.4). Then let ϕ0 = ϕ − ϕ̃, where ϕ̃(x, y) = ϕ̄(xy). By construction, ϕ0 has

Taylor expansion ϕ0 ≈
∞∑

k,ℓ=0
k ̸=ℓ

ϕk,ℓx
kyℓ.

By Lemma 3.3, there exists a formal power series w such that w ◦F −w ≈ ϕ0. Moreover,
by Lemma 3.4, there exists a smooth function w̃(x, y) with w as its Taylor series. It follows
that ϕ0 − (w̃ ◦ F − w̃) is C∞ tangent to 0 at 0, and is thus a coboundary by Lemma 3.5. In
particular, ϕ0 − (w̃ ◦ F − w̃) = v ◦ F − v for some C∞ function v. Thus, ϕ0 is a coboundary

with transfer function v + w̃, and ϕ is cohomologous to ϕ̃, as claimed. □

Finally, we show that the coefficients of the formal power series ϕ̄(z) ≈
∑∞

k=0 ϕ̄kz
k from

Proposition 3.2 are invariants of cohomology.

Lemma 3.6. If ϕ ≈
∑∞

k,ℓ=0 ϕk,ℓx
kyℓ and ϕ′ ≈

∑∞
k,ℓ=0 ϕ

′
k,ℓx

kyℓ are cohomologous local cocycles
over F as in Proposition 3.2, then ϕk,k = ϕ′

k,k for all k ≥ 0.
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Proof. It suffices to show that any coboundary has vanishing diagonal terms. We verify this
by rewriting (3.1) with additional information from F . Indeed, recall that we may instead
write F as

F (x, y) ≈
(
λxω(xy), λ−1y(ω(xy))−1

)
.

In this case, u◦F−u ≈
∑∞

i,j=1 ui,jx
iyj((λω(xy))i−j−1). We may then replace ω(xy)i−j with

a power series depending only on xy. In particular, since the power series in xy is multiplied
by xiyj the only candidate for a term of the form xkyk must come from a summand with
i = j. But if i = j, (λω(xy))i−j − 1 = 0. It follows that any coboundary has no diagonal
terms in its formal Taylor approximation. □

3.2. Coordinates in a neighborhood of a hyperbolic periodic orbit. In this section,
we complete the proof of Theorem A. Let p be a hyperbolic periodic point of a smooth flow
Φ = (φt)t∈R : M → M and Σ ∋ p be a Poincaré section with local coordinates hΣ : D

2
ε → Σ

such that the Poincaré map has the form F (x, y) = (eg(xy)x, e−g(xy)y) for some C∞ function
g on a neighborhood of 0 such that g(0) > 0 (see Theorem 2.8). By Proposition 3.2, the
return time r to the section Σ is cohomologous to a function r̄(xy) on D2

ε , i.e., there exists
u ∈ C∞(D2

ε) such that u(0) = 0 and

r − r̄ = u ◦ F − u.

Consider a section Σu = {φ−u(x,y)(hΣ(x, y)) : (x, y) ∈ D2
ε}, and note that Σ̃ still passes

through p since u(0) = 0. By construction, the return time to Σ̃ is r̄.
Let Y0 = x ∂

∂x
− y ∂

∂y
. We, henceforth, assume that we have chosen our section Σ to be the

image of a function hΣ : D
2
ε →M and have the following properties:

(1) In the coordinates provided by hΣ, the first return map F is the time-1 map of a flow
ψt : D2

ε → R2 induced by a vector field Y = g(xy)Y0;
(2) g is a C∞ function on a neighborhood of 0;
(3) the return time function r : Σ → R+ in the local coordinates given by hΣ is a C∞

function of xy.

We now define the function H : R/Z×D2
ε′ →M for some ε′ > 0. Let ε′ > 0 be such that

if (x, y) ∈ D2
ε′ , ψ

t(x, y) ∈ D2
ε for |t| ≤ 1. Then, we define

H(t, x, y) = φtr̄(xy)
(
hΣ(ψ

−t(x, y))
)
.

We claim that H is well-defined, i.e., H(t + 1, x, y) = H(t, x, y) whenever both points are
defined. Indeed, notice that

H(t+ 1, x, y) = φ(t+1)r̄(xy)hΣ(ψ
−t−1(x, y)) = φtr̄(xy)φr̄(xy)hΣ(ψ

−1ψ−t(x, y)) = H(t, x, y),
(3.3)

since by definition, ψ−1 = F−1 is the first return map for Φ, r̄ is the roof function, and ψt

preserves hyperbolas xy = const (see (2.3)). Let f(xy) = 1
r̄(xy)

. Finally, we verify that the

vector field of Φ in the coordinates given by H is

X̃ = f(xy)

(
∂

∂t
+ xg(xy)

∂

∂x
− yg(xy)

∂

∂y

)
.



NORMAL FORMS IN DIMENSION 3 15

The integral curves γs,x,y(t) of X̃ are given by (2.4), and the orbits of ψt are given by (2.3).
Furthermore, note that

H(γs,x,y(t)) = H(s+ f(xy)t, etf(xy)g(xy)x, e−tf(xy)g(xy)y)

= φ(s+f(xy)t)r̄(xy)hΣ(e
−(s+f(xy)t)g(xy)etf(xy)g(xy)x, e(s+f(xy)t)g(xy)e−tf(xy)g(xy)y)

= φt+sr̄(xy)hΣ(e
−sg(xy)x, esg(xy)y)

= φt(H(s, x, y))

Thus, H intertwines the flows generated by X̃ and X on R/Z×D2
ε′ and M , respectively.

4. Normal form for a contact form in a neighborhood
of a hyperbolic periodic orbit of the Reeb flow

In this section, we present the proof of Theorem B. Unlike the approach in Section 3,
where we worked primarily with the vector field, here we work directly with the contact
form. As a byproduct, improved expressions for the associated contact vector fields around
the tubular neighborhood of periodic orbits are obtained for Anosov Reeb flows on manifolds
of dimension 3.

4.1. Choice of a section. Consider a contact form α, and denote by Φ = (φt)t∈R the
associated Reeb flow. Let O be a hyperbolic periodic orbit of Φ, and let p ∈ O. In this
section, we prove the following lemma.

Lemma 4.1. There exists a section Σ transverse to Φ at p with local coordinates h : D2
ε → Σ

for some ε > 0 such that

(1) h∗α = 1
2
(x dy − y dx)

(2) h∗dα = dx ∧ dy
(3) the Poincaré map has the form F (x, y) = (eη(xy)x, e−η(xy)y) for some C∞ function η

on a neighborhood of 0 such that η(0) > 0. In particular, F is the time-1 map of a
flow ψt induced by a vector field Y = η(xy)Y0.

Proof. Choose a section Σ′ transverse to Φ at p with local coordinates h′ : D2
ε → Σ for some

ε > 0 such that the Poincaré map has the form F ′(x, y) = (eη(xy)x, e−η(xy)y) for some C∞

function η on a neighborhood of 0 such that η(0) > 0 (see Theorem 2.8). Since Φ preserves
the contact volume, F ′ preserves the area form (h′)∗dα = dx ∧ dy restricted to Σ.

Now we modify the section Σ′. For any C∞ function τ : D2
ε → R, we define a C∞ function

hτ : D
2
ε → X given by hτ (x, y) = φτ(x,y)(h′(x, y)). Then, to each such τ we can associate a

section Στ built from our initial choice Σ in the following

Στ =
{
hτ (x, y) : (x, y) ∈ D2

ε

}
. (4.1)

Lemma 4.2. There exists a C∞ function τ such that h∗τα = 1
2
(x dy − y dx).

Proof. Given a vector V on D2
ε , let γ : (−ε, ε) → D2

ε be a curve such that γ′(0) = V . Then,

dhτ (V ) =
d

dt

∣∣∣∣
t=0

φτ(γ(t))(h′(γ(t)).

Differentiating in t yields dτ(V ) · X(hτ (γ(0)) + dφτ(γ(0))(dh′(V )). By using invariance of α
under the contact flow, we can evaluate α on this vector field to obtain

h∗τα = dτ + (h′)∗α.
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Note that since kerα is not integrable, α cannot vanish identically on Σ. Given our initial
section map h′, we may write (h′)∗α = (a− 1

2
y) dx+(b+ 1

2
x) dy for some C∞ functions a and

b on D2
ε . Note that since d(h

′)∗α = (h′)∗dα = dx∧dy, we get that ∂xb = ∂ya. Therefore, the
form a dx + b dy is closed. Since the first de Rham cohomology group H1

dR(D
2
ε) = 0, there

exists a C∞ function τ such that dτ = −a dx− b dy. Such a τ is a desired solution. □

By shrinking ε as necessary, hτ will be a diffeomorphism onto its image. We choose Σ as
the image of a function hτ where τ from Lemma 4.2. □

4.2. Properties of the return time. Let Σ and h be as in Lemma 4.1, and let r : D2
ε → R+

be the associated return time for the flow Φ (see Section 2.1.1) written in the coordinates
given by h.

Lemma 4.3. dr = −xy dη where η as in Lemma 4.1.
In particular, r is a C∞ function of xy given by

r(x, y)− c =

∫ xy

0

η(s) ds− xy η(xy).

Proof. We compute dr by choosing an arbitrary curve γ : [−ε, ε] → D2
ε , and evaluating

dr(γ′(0)) = (r ◦ γ)′(0). We will show that (r ◦ γ)′(0) = −γ1(0)γ2(0)(η ◦ γ)′(0), where γi is
the ith component of γ.

Let γ be such a curve, and consider the surface with boundary

S =
{
φt(h(γ(s))) : s ∈ [−ε, ε], t ∈ [0, r(γ(s))]

}
Note that S is a rectangle, and is everywhere tangent to the Reeb vector field X. Since
ιXdα ≡ 0, we conclude that α is closed when restricted to S.
For each s ∈ [−ε, ε], let νs denote the orbit segment of Φ in S starting from h(γ(s)) and

ending at φr(h(γ(s)))(h(γ(s))) = h(F (γ(s))). Then r(γ(s)) =
∫
νs
α, since α(X) ≡ 1, and one

may use the Reeb flow to parameterize νs.
Similarly, for each such s, let γs denote the restriction of the curve γ to the domain [0, s].

Then, Stoke’s theorem implies that

r(γ(s))− r(γ(0)) =

∫
νs

α−
∫
ν0

α =

∫
F◦γs

α−
∫
γs

α. (4.2)

Let β = h∗α = 1
2
(x dy − y dx) for simplicity of notation. Dividing (4.2) by s and taking the

limit as s → 0 yields that dr = F ∗β − β. Now, since F is the time-1 map of ψt, it follows
that

F ∗β = (ψ1)∗β = β +

∫ 1

0

d

dt

∣∣∣∣
t=s

(ψt)∗β ds = β +

∫ 1

0

(ψs)∗LY β ds (4.3)

Observe that β is invariant under the flow generated by Y0, and β(Y0) ≡ −xy, so that

LY β = LηY0β = ηLY0β + dη ∧ ιY0β = −xy dη
Furthermore,

LY (−xy dη) = LY (−xy)dη − xyLY dη = 0− xy dLY η = 0 (4.4)

This follows since the derivative of a function of xy along the vector field Y is 0 as the
integral curves of Y are the hyperbolas xy = const. Therefore, the form −xy dη is invariant
under the flow ψs, and (ψs)∗LY β = −xy dη for all s. Then, (4.3) becomes

dr = F ∗β − β = (β − xy dη)− β = −xy dη.
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The integral formula for r follows immediately from integration by parts. □

4.3. Coordinates in a neighborhood of a hyperbolic periodic orbit of a Reeb flow.
In this section, we finish the proof of Theorem B.

By Lemma 4.3, there exists a unique C∞ function r̄ : R → R such that r(x, y) = r̄(xy)
and r̄′(z) = −zη′(z). In particular, for some c > 0, we have

r̄(z)− c =

∫ z

0

η(s) ds− zη(z).

We define the function H : R/Z×D2
ε →M for some ε > 0 by

H(t, x, y) = φtr̄(xy)(h(ψ−t(x, y))).

We note that H is well defined (see (3.3)).

Lemma 4.4. H∗α = (r̄(xy) + xy η(xy))dt+ 1
2
(x dy − y dx).

Proof. Since H∗α is a 1-form on R/Z×D2
ε , it must be a linear combination of dt, dx and dy

at every point. It therefore suffices to evaluate α on H∗(∂/∂t), H∗(∂/∂x) and H∗(∂/∂y) to
compute these coefficients.

First, we compute the dt coefficient. Fix a point (t, x, y) and consider the curve s 7→
(t+ s, x, y) in R/Z×D2

ε . Then H∗(∂/∂t) is equal to

d

ds

∣∣∣∣
s=0

H(t+ s, x, y) =
d

ds

∣∣∣∣
s=0

φtr̄(xy)+sr̄(xy)hψ−s−t(x, y)

= r̄(xy)X(H(t, x, y))− dφtr̄(xy)dh(Y (ψ−t(x, y))).

Hence,

α(H∗(∂/∂t)) = r̄(xy) − 1

2
(x dy − y dx)

[
η(xy)

(
x
∂

∂x
− y

∂

∂y

)]
= r̄(xy) + xy η(xy).

Now we compute the dx and dy coefficients. As in the proof of Lemma 4.3, we let β =
h∗α = 1

2
(x dy − y dx). We wish to show that dx and dy coefficients are always −1

2
y and 1

2
x,

respectively. We will do this by showing they are independent of t, and computing them
when t = 0.

Fix v ∈ R2 and consider the curve s 7→ (t, ((x, y) + sv) in R/Z×D2
ε . Then,

d

ds

∣∣∣∣
s=0

H(t, (x, y) + sv) =
d

ds

∣∣∣∣
s=0

φtr((x,y)+sv)hψ−t((x, y) + sv)

= tdr(x,y)(v)X(H(t, x, y)) + dφtr̄(xy)dhdψ−t(v).

Here, we use dr(x,y) to emphasize that we are evaluating the form dr at vector v based at

the point (x, y). Evaluating α on d
ds

∣∣
s=0

H(t, (x, y) + sv) yields the function

tdr(x,y)(v) + (ψ−t)∗h∗α(x,y)(v) = tdr(x,y)(v) + (ψ−t)∗β(x,y).

Taking the derivative with respect to t yields

dr(x,y)(v)−(ψ−t)∗LY β(x,y) = dr(x,y)(v)− (ψ−t)∗(−xy dη)(v)
Since (ψ−t)∗(−xy dη) = −xy dη by (4.4), we conclude from Lemma 4.3 that the derivative in
the t-coordinate is 0. Hence, we may compute the form when t = 0, so α(t,x,y)(v) = β(x,y)(v)
for all (t, x, y). □
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4.4. Rigidity for Anosov contact flows. In this section, we prove Corollaries C and D.

The proof of Corollary C. Assume that such sections Σp exist at every periodic orbit p. This
implies that all derivatives of the roof function r up to order four vanish. Since the reso-
nance terms of the roof function r cannot be modified through cohomology (Lemma 3.6),
this implies that for the modified section constructed in Lemma 4.1, r̄′′(0) = ∂2x∂

2
yr(0) = 0.

The result is now immediate from Remark 2.19, Proposition 2.18, Theorem 2.13 and Theo-
rem 2.15. □

The proof of Corollary D. If S has constant curvature, one can find sections Σγ such that
φTΣγ ∩Σγ is an open subset of both Σγ and φTΣγ, as computed in Example 5.7. The other
direction follows immediately from Corollary C and Theorem 2.15. □

5. Base-Roof Rigidity for contact flows

In this section we prove Theorems F and E, which establish a new rigidity phenomenon
for contact flows in which the dynamics of the return map determine properties of the return
time, and vice-versa. We propose to call this feature “base-roof rigidity,” terminology which
appears from thinking about suspension flows.

5.1. The proof of Theorem F. Inspired by the key formula built in Lemma 4.3, we
investigate the connection among the roof function, the return maps and contact forms
further. In this subsection, we give the proof of Theorem F.

Lemma 5.1. Let α0 and α1 be two contact forms on C = R/Z×D2
ε , and assume that

• R/Z× {0} is a periodic orbit for both α0 and α1,
• the Reeb flows induced by α0 and α1 coincide, and
• α0 ∧ dα0 = α1 ∧ dα1.

Then α0 = Ψ∗α1 for some C∞ diffeomorphism Ψ.

Proof. Let X denote the common Reeb field for α0 and α1 and β = α1 − α0. Then since
αi(X) ≡ 1 and X ∈ ker dαi for i = 1, 2, we get that X ∈ ker β and X ∈ ker dβ. Define
αt = α0 + tβ, and note that this notation is consistent with our initial indexing of α0 and
α1.

We apply the Moser trick to produce the conjugacy Ψ. Indeed, we will produce this by
finding a C∞ function f such that if V = fX, and Ψt is the time-t map of the flow generated
by V , then (Ψt)∗αt = α0. Indeed, this occurs if and only if d

dt
(Ψt)∗αt ≡ 0. We compute

d

dt
(Ψt)∗αt = (Ψt)∗(LV αt +

d

dt
αt) = (Ψt)∗(dιV αt + ιV dαt + β)

= (Ψt)∗(dιfX(α0 + tβ) + ιfXd(α0 + tβ) + β)

= (Ψt)∗(d(f · 1 + 0) + 0 + β) = (Ψt)∗(df + β).

Therefore, we may pick f to make this identically 0 if and only if β is exact. But notice that
since α0 ∧ dα0 = α1 ∧ dα1,

0 = ιX(α1 ∧ dα1 − α0 ∧ dα0) = dα1 − dα0 = dβ.

Therefore, β is closed. Since C is homotopy equivalent to a circle, it suffices to check that∫
β = 0 over any generator of π1(C). In particular, we may use the periodic orbit. However,
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since β(X) ≡ 0, it vanishes on the periodic orbit. Hence, β is exact, and we conclude the
Lemma. □

Remark 5.2. In the case of a hyperbolic fixed points, local normal forms are conjugated if
their Taylor expansions coincide [KH95, Theorem 6.6.5]. However, when both maps preserve
the standard Lebesgue measure, it is unlikely that such a conjugacy preserves it. Since the
contact forms “see” the volume, we expect that coincidence of the Taylor expansions to be
insufficient to conclude the contact forms are related by pullback without an assumption
that the volumes coincide.

We now proceed to prove Theorem F. This is done over the course of three lemmas. In
Lemma 5.3, we show that if two contact forms are related by pullback, all of the dynamical
data is preserved. In particular, assumption (1) of Theorem F implies both assumptions (2)
and (3). In Lemma 5.4, we show that if (2) of Theorem F is satisfied, then (1) is. Finally,
in Lemma 5.5, we show that assumption (3) implies (1).

Lemma 5.3. For i = 1, 2, let Φi = (ϕt
i) be the C∞ Reeb flow associated to a contact

form αi in a neighborhood Ui of its hyperbolic periodic orbit Oi. Assume that there exists
H : U1 → U2 such that H∗α2 = α1. Then there exist sections Σ1 and Σ2 of the associated
Reeb flows transverse to O1 and O2, respectively, such that:

• H(Σ1) = Σ2;
• O1 and O2 have the same prime period and Lyapunov exponents;
• The Poincarè maps F1 and F2 are conjugated;
• There exist charts hi : D

2
ε → Σi, i = 1, 2 such that h∗iαi =

1
2
(x dy − y dx);

• If r̂i : Σi → R denotes the return time of the Reeb flows, and ri = r̂i◦hi, then r1 = r2.

Proof. This all follows from the fact that H intertwines the Reeb flows of α1 and α2, which
we denote by φt

1 and φt
2, respectively. Indeed, note that if X1 is the Reeb field of α1, then

α2(H∗(X1)) = H∗α2(X1) = α1(X1) ≡ 1, and similarly ιH∗X1dα2 ≡ 0. Then H∗X1 = X2 and
H conjugates φ1 and φ2. As a result, the prime period and Lyapunov exponents coincide.
Let H0 : C → U1 be such that H∗

0α1 is a resonance contact form, H∗
0α1 = θ1(xy) dt +

1
2
(x dy−y dx). Let Σ1 = H0({0}×D2

ε) and Σ2 = H(Σ1). By construction, sinceH intertwines
the Reeb flows, the Poincarè maps of Σ1 and Σ2, F1 and F2 are conjugated. Similarly, by
construction of H0, if h1 = H0|D2

ε
and h2 = H ◦ h1, it follows that h∗1α1 =

1
2
(x dy− y dx) and

h∗2α2 = (H◦h1)∗α2 = h∗1H
∗α2 = h∗1α1 =

1
2
(x dy−y dx). Finally, note that if φr1(z)

1 (h1(z)) ∈ Σ1

for all z ∈ D2
ε , then noting that h2 = H ◦ h1,

φ
r2(z)
2 (h2(z)) = φ

r̂2(h2(z))
2 (h2(z)) = φ

r̂2(H(h1(z))
2 (H(h1(z))) = H(φ

r̂2(H(h1(z)))
1 (h1(z)))

Note that this belongs to Σ2 if and only if φ
r̂2(H(h1(z)))
1 (h1(z)) ∈ Σ1. The smallest such

value is by definition r1(z). Hence, r2(z) = r1(z) for all z ∈ D2
ε . □

Lemma 5.4. For i = 1, 2, let Φi = (ϕt
i) be the C∞ Reeb flow associated to a contact form αi

in a neighborhood Ui of its hyperbolic periodic orbit Oi. Let Σi be a section of Φi transverse
to Oi, i = 1, 2. If the prime periods of O1 and O2 coincide, and the Poincarè return maps of
Σ1 and Σ2 are conjugated by a C∞ diffeomorphism HΣ : Σ1 → Σ2 such that HΣ

∗dα2 = dα1,
then there exists H : U1 → U2 defined in a neighborhood of O1 such that H∗α2 = α1.

Proof. By Theorem B, we can choose a coordinate system H1 : C → U1 such that H∗
1α1 =

θ1(xy) dt +
1
2
(x dy − y dx), where C = R/Z × D2

ε for some ε > 0. By Proposition 2.18(4),
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the first return map F1 to section H1({0} × D2
ε) is time-1 map of the vector field Vθ1 =

θ1
′(xy)(x ∂

∂x
− y ∂

∂y
). We note that the Poincarè return maps of any two sections Σ1 and Σ̃1

transverse to O1 at the same point are always locally conjugated by a map πΣ1,Σ̃1
: Σ1 → Σ̃1

defined through moving along the Reeb flow from Σ1 to Σ̃1. Moreover, the Reeb flow direction
is in the kernel of dα1 so π∗

Σ1,Σ̃1
dα1|Σ̃1

= dα1|Σ1 . Thus, we may assume without loss of

generality that Σ1 = H1({0} ×D2
ε). Denote h1 = H1|{0}×D2

ε
.

Let HΣ : Σ1 → Σ2 be a map as in the lemma for some section Σ2. Then h2 := HΣ ◦h1 puts
the first return map of Φ2 to section Σ2 into Birkhoff normal form with the same return map
F1. Furthermore, h2

∗dα2 = h∗1H
∗
Σdα2 = h∗1dα1 = dx ∧ dy. It follows from Lemma 4.2 that

one may modify the section Σ2 by moving along the flow to produce a parameterized section
which has the same expression of first return map written using that parametrization, and
such that the pullback of α2 under this parametrization is 1

2
(x dy − y dx). Thus, we can

assume that h∗2α2 = 1
2
(x dy − y dx). Since the first return map to Σ2 is now given by F1

in the coordinates provided by h2, following Sections 4.2 and 4.3, one builds a coordinates
H2 : C → U2 around O2 such that H∗

2α2 = θ1(xy) dt +
1
2
(x dy − y dx). Then H = H2 ◦H−1

1

satisfies H∗α2 = (H−1
1 )∗H∗

2α2 = (H−1
1 )∗(θ1(xy) dt+

1
2
(x dy − y dx)) = α1. □

Lemma 5.5. For i = 1, 2, let Φi = (ϕt
i) be the C∞ Reeb flow associated to a contact form αi

in a neighborhood Ui of its hyperbolic periodic orbit Oi. Let Σi be a section of Φi transverse
to Oi, i = 1, 2. Assume that

• O1 and O2 have the same Lyapunov exponents,
• there exist parameterizations hi : D

2
ε → Σi such that h∗iαi =

1
2
(x dy − y dx),

• the first return maps of the Reeb flows are in resonance form in the coordinates
provided by hi.

1

Then if r̂i is the return time of the section Σi, ri = r̂i ◦ hi, and r1 = r2, there exists
H : U1 → U2 defined in a neighborhood of O1 such that H∗α2 = α1.

Proof. Notice that our assumptions are exactly those which appear in Lemma 4.1. It follows
that if Fi(x, y) = (eηi(xy)x, e−ηi(xy)y) are the first return maps of the sections Σi in the
coordinates provided by hi, −xy dη1 = dr1 = dr2 = −xy dη2. Hence, dη1 = dη2 (we may
divide by −xy since the Foulon-Hasslelbatt cocycle vanishes). It follows that η1 = η2 + c.
Since the positive Lyapunov exponent of Oi is given by ηi(0)/ri(0) for i = 1, 2, and we know
that r1(0) = r2(0) by assumption, we conclude that η1(0) = η2(0). It follows that η1 = η2.
As in the previous Lemma, we conclude following Section 4.3 that α1 and α2 have identical

normal forms coordinates, and hence are related by pullback. □

5.2. Linearizable contact forms. In this subsection, we discuss contact forms that can be
written in a special resonance form that we call linear. In particular, we present the proof
of Theorem E.

Consider C = R/Z × D2
ε with standard coordinates (t, x, y). Let λ > 1 and r0 > 0 be

some constants.

(1) A local diffeomorphism is linear if F (x, y) = (λx, λ−1y) (i.e., if ω ≡ 1)

(2) A conservative vector field on C is linear if X = r−1
0

(
∂
∂t
+ λx ∂

∂x
− λy ∂

∂y

)
(i.e., if f

and g are constant functions)

1Such parameterizations always exist by Lemma 4.1
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(3) A hyperbolic contact form on C is linear if α = (r0 + λxy) dt+ 1
2
(x dy − y dx)

If there exist coordinates in which an object is linear, we call it linearizable.

Example 5.6. If Φ is a constant-time suspension of an Anosov diffeomorphism f , the
roof function is linearizable for any section, and the vector field around periodic orbits is
linearizable if and only if corresponding periodic orbit of f is linearizable.

Example 5.7. Consider a quotient of SL(2,R) by a discrete group Γ, and assume that

gΓ ∈ SL(2,R)/Γ is a periodic orbit of the geodesic flow gt =

(
et/2 0
0 e−t/2

)
(i.e., the left

translation action by the subgroup A = {gt : t ∈ R}). Without loss of generality, since
the flow is homogeneous, we may assume that g = e, in which case we can conclude that

gT (eΓ) = eΓ, and γ =

(
eT/2 0
0 e−T/2

)
∈ Γ. Consider the local section determined by the

following matrices:

p(x, y) =

(√
1 + xy x
y

√
1 + xy

)
Σ = {p(x, y) : |x| , |y| < 1} .

Then the return time of the section is constant and equal to T , since a direct computation
gives

gTp(x, y) = p(eTx, e−Ty)γ ∼ p(eTx, e−Ty).

Further computation show that the coordinatesH(x, y, t) =

(
etT/2

√
1 + xy e−tT/2x

etT/2y e−tT/2
√
1 + xy

)
,

makes the right action of γ is indeed translation in the t coordinate by 1. Furthermore, using
that kerα = Es ⊕Eu and α(X) ≡ 1, one obtains that the corresponding contact form is the
linear one

α0 = T (1 + xy) dt+
1

2
(x dy − y dx).

Lemma 5.8. If ω is a C∞ nonvanishing 2-form on D2
ε invariant under F (x, y) = (λx, λ−1y),

there exists 0 < δ < ε and C∞ diffeomorphism H : D2
δ → D2

ε such that H commutes with F
and H∗ω = dx ∧ dy.

Proof. Consider a 2-form ω = g dx ∧ dy for some strictly positive g ∈ C∞(D2
ε). Note that ω

is F -invariant if and only if g is F -invariant.
We apply the Moser trick. We will build a flow ψt generated by a bounded time-dependent

vector field Yt such that if ωt = [(1− t)g + t] dx ∧ dy, then ω = (ψt)∗ωt. This occurs if and
only if LYtωt + (1− g) dx∧ dy = 0, or d (ιYt [(1− t)g + t] dx ∧ dy) = (g− 1) dx∧ dy. We seek
an F -invariant solution of the form Yt = ft ∂/∂x in which case we seek to solve

d ((1− t)g + t)ft dy) = (g − 1) dx ∧ dy
∂ [((1− t)g + t)ft]

∂x
dx ∧ dy = (g − 1) dx ∧ dy

Let ft(x, y) be defined by

ft(x, y) =
1

(1− t)g + t

(∫ x

0

g(s, y) ds− x

)
Then ∂([(1− t)g+ t)ft]/∂x = g(x, y)− 1, so ft solves the desired equation. ft is well-defined
and C∞ since g is always positive and integration only improves regularity. Furthermore,
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if Yt = ft ∂/∂x, F∗Yt = Yt if and only if ft ◦ F = λft. Notice that g is F -invariant so the
fraction term of ft is F -invariant. Furthermore, after change of coordinates and again using
F -invariance of g, the integral term satisfies∫ λx

0

g(s, λ−1y) ds− λx =

∫ x

0

g(λt, λ−1y) · λ dt− λx = λ

(∫ x

0

g(t, y) dt− x

)
It follows that ft ◦ F = λft, and hence we have shown the lemma. □

Remark 5.9. We note here that Lemma 5.8 does not work for nonlinear F , which is shown in
the following example. In particular, we do not believe that the assumptions of Theorem F
can be weakened to those of Theorem E in general.

Example 5.10. Let F (x, y) = (2x + x2y, y
2+xy

) on R2. Since det(DF ) ≡ 1, DF preserves

the following volume forms c dx ∧ dy for any conestant c > 0. In particular, it preserves,
the volume form 2 dx ∧ dy. One should not think of this as the same volume form, as the
contact form determines the area form on the transversal completely, not just up to scalar
multiple. We claim that there is no C∞ diffeomorphism such that H ◦ F = F ◦ H and
H∗(2 dx ∧ dy) = dx ∧ dy.

First, we note that det(DH(x, y)) = 1
2
as H∗(2 dx ∧ dy) = dx ∧ dy.

Moreover, since F n(x, 0) = (2nx, 0) and F n(0, y) = (0, 2−ny) for all n ∈ N, we obtain that
H(x, 0) = (f1(x), 0) and H(0, y) = H(0, f2(y)) for all x, y ∈ R for some smooth functions
f1, f2 on R such that f1(0) = f2(0) = 0. Then, we can write H(x, y) = (H1(x, y), H2(x, y))
in the form

H(x, y) = (xh1(x, y), yh2(x, y)),

where h1(x, y) = H1(x, y)/x =
∫ 1

0
∂H1

∂x
(sx, y) ds and h2(x, y) = H2(x, y)/y =

∫ 1

0
∂H2

∂y
(x, sy) ds.

In particular, h1, h2 are C
∞ functions since H1(0, y) = 0 = H2(x, 0) and H1 and H2 are both

C∞. From H ◦ F = F ◦H, we obtain the following relation:

(2 + xy)h1

(
2x+ x2y,

y

2 + xy

)
= 2h1(x, y) + xh21(x, y)yh2(x, y).

Differentiating with respect to x gives us

yh1

(
2x+ x2y,

y

2 + xy

)
+ (2 + xy)

[
∂h1
∂x

(
2x+ x2y,

y

2 + xy

)
(2 + 2xy)

−∂h1
∂y

(
2x+ x2y,

y

2 + xy

)
y2

(2 + xy)2

]

= 2
∂h1
∂x

(x, y) + h21(x, y)yh2(x, y) + x
∂ (h21(x, y)yh2(x, y))

∂x
(x, y).

Then differentiating above equation with respect to y and taking value at (0, 0) gives us

h1(0, 0) = h1(0, 0)
2h2(0, 0),

which gives us either h1(0, 0) = 0 or h1(0, 0)h2(0, 0) = 1 so det(DH(0, 0)) = 0 or 1, respec-
tively, which is a contradiction to det(DH(x, y)) = 1

2
.

In the other direction, the following example illustrates that when the structures are C∞

tangent to linear models, we can solve the corresponding cohomology equations (i.e., this is
a case of Theorem E).



NORMAL FORMS IN DIMENSION 3 23

Example 5.11. Let θ(z) = 1 + z + e−1/z2 and

α = θ(xy) dt+
1

2
(x dy − y dx) = (1 + xy + e−1/x2y2) dt+

1

2
(x dy − y dx).

Then the return time is given by r(x, y) = θ(xy)−xyθ′(xy) = 1+e−1/x2y2(1−2/x3y3) = r̄(xy),

where r̄(z) = e−1/z2(1− 2/z3). Then r is cohomologous to a constant, with transfer function

u(x, y) = − r̄(xy)− 1

θ′(xy)
log |x|, since u◦F = − r̄(xy)− 1

θ′(xy)
[log(

∣∣xeθ′(xy)∣∣)], so u◦F−u = r̄(xy)−1.

Proof of Theorem E. We show that (a) implies (d) implies (e) implies (c) implies (b) im-
plies (a). That (a) implies (d) is immediate from Proposition 2.18 and the definition of a
linearizable contact form. (d) implies (e) is immediate.

We now show that (e) implies (c). Indeed, if some section Σ0 has its roof function coho-
mologous to a function which is C∞ tangent to a constant, then Στ has its roof function
cohomologous to a function which is C∞ tangent to a constant with transfer function τ
(where Στ is as in (4.1)). In particular, for any smooth transverse section, the roof function
is C∞ cohomologous to a function C∞ tangent to a constant.

Putting the contact form in the normal form of Theorem B, we see that the corresponding
function r̄(z) = θ(z) − zθ′(z) is C∞ tangent to a constant by Lemma 3.6. If θ has Taylor
jet θ(z) ≈

∑∞
k=0 akz

k, then r̄(z) ≈ a0 +
∑∞

k=1(1− k)akz
k. It follows that if r̄ is C∞ tangent

to a constant, then ak = 0 for k ≥ 2. Therefore, θ′(z) is C∞ tangent to a constant, and the
first return map is (x, y) 7→ (eθ

′(xy)x, e−θ′(xy)y) is C∞ tangent to the linear map. Thus we
conclude (c).

That (c) implies (b) is exactly [KH95, Theorem 6.6.5].
Finally, we show that (b) implies (a). Assume that the first return map for some param-

eterized section H0 : D
2
ε → Σ is linear. Then dα|Σ is invariant under F , so by Lemma 5.8,

one may pick a local diffeomorphism H1 : D
2
δ → D2

ε which commutes with F such that
H∗

1H
∗
0dα|Σ = dx∧dy. It follows that if H = H0 ◦H1, then the first return map induced by H

is still F , and H∗dα|Σ = dx∧dy. It follows from the equivalence of (1) and (2) in Theorem F
that some pullback of α is a linear form (simply pick the linear form with the correct return
map and period as a model). Therefore, α is linearizable, and (b) implies (a). □
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